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ÖSSZEFOGLALÓ. Átfedő síkbeli és térbeli tartományok egyesítésének Friedrichs-
Velte konstansára adunk felső becslést a résztartományok megfelelő konstansai és 
mérete segítségével. Az eredményt összehasonlítjuk már ismert, a Babuška-Aziz és 
Korn konstansokra vonatkozó hasonló felső becslésekkel. 

ABSTRACT. An upper estimation for the Friedrichs-Velte and related constants of 
the union of overlapping planar and spatial domains is given in terms of the 
constants and sizes of the parts and of the size of their intersection. The estimation 
is compared to similar results for the same and for the related Babuška-Aziz and 
Korn constants. 

1. Introduction 

Motivated by problems in planar linear elasticity Friedrichs [7] introduced an inequality 
between the norms of two square integrable conjugate harmonic functions defined on a plane 
domain provided one of the functions fulfils a certain side condition and the boundary of the 
problem domain is piecewise smooth. His inequality and the domain specific optimal constant 
figuring therein are connected with some other important inequalities and corresponding 
constants such as the Babuška-Aziz inequality for the divergence equation, the inf-sup 
condition in the context of Navier-Stokes flows and for some smooth classes of domains also 
Korn's second inequality in linear elasticity, [2,3,9]. Friedrichs inequality remains valid for 
more general domains and it was generalized for other spaces of harmonic functions, [2,6,12]. 

In [15] Velte proved two analogous inequalities for three-dimensional simply connected 
domains having certain boundary regularity. He also investigated the connection of these 
inequalities and of the corresponding optimal constants with the Babuška-Aziz inequality, 
with the inf-sup condition and with the Cosserat spectrum of the domain. 

For the numerical utilization of the constants we refer to [10, 13, 14]. 
Despite of their importance exact values of all these constants are known in a very few 

cases. A useful upper estimation of Friedrichs constant for the class of star-shaped planar 
domains given first in [9] has been revised recently in [2,3]. Reference [11] contains an 
analogous upper estimation for the Velte constant of a spatial star-shaped domain. 

The aim of the present paper is to give an upper estimation for the Friedrichs and Velte 
constants of the union of two overlapping domains. The estimation is derived essentially in 
the same way for two and three-dimensional domains as well. It was motivated by similar 
estimations for the related Babuška-Aziz and Korn constants. 

In Section 2 we explain the notation and we recall some preliminary results concerning 
the Friedrichs-Velte and related constants. 
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In Section 3 we derive the main result and compare it to corresponding known ones from 
[2, 5, 8, 10,11]. 

2. Friedrichs-Velte and related constants 

Let Ω be a bounded planar or spatial domain the boundary �Ω of which will be further 
specified below. We denote by |Ω| the size of Ω which means the area for plane domains and 
the volume for spatial domains. Let ���Ω� be the usual Hilbert space of square integrable 

functions over Ω. For �, 
 ∈ ���Ω� we denote by 〈�, 
〉�,� = � �
�  their inner product, and 

by ‖�‖�,� the norm of �. The integral mean of � over Ω is 〈�〉� = �
|�| 〈1, �〉�,�. For vector 

valued functions �, 
 ∈ ���Ω�� we use the inner product 〈�, 
〉�,� = � ∑ ��
������  and the 
respective norm. 
 

The Friedrichs inequality reads in the notation of the present paper as follows. 
 

Proposition 2.1 (Shapiro, [11]) Let Ω be a bounded plane domain satisfying an interior cone 
condition and let �� ∈ Ω. Let �  and �  be arbitrary square integrable conjugate harmonic 
functions on Ω. Then, for some finite positive constants Γ�Ω� and Γ�Ω,���, which do not 
depend on � and � Friedrichs inequality holds in either of the forms 

 ‖�‖�,�� ≤ Γ�Ω�‖�‖�,�� 	provided	〈�〉� = 0	or (1) 

 ‖�‖�,�� ≤ Γ�Ω,���‖�‖�,�� 	provided	����� = 0. (2) 

 
According to [2] Friedrichs inequality remains valid for the larger class of planar John 
domains. 

The optimal constant Γ�Ω�, called Friedrichs constant of the plane domain Ω, is the least 
positive number such that the inequality (1) is fulfilled for all pairs of conjugate harmonic 
functions � and �. The exact value of Γ�Ω� depends only on the shape of Ω but does not 
depend on its size. Γ�Ω,���, called Friedrichs constant with respect to the point ��, depends 
additionally on the interior point ��. We have 

 1 ≤ Γ�Ω� ≤ Γ�Ω,��� ≤ |�|
|'�(),*�| Γ�Ω�. (3) 

where +���, ,� denotes any disc centered in ��with radius , contained in the interior of Ω, 
see [16]. 

In order to formulate a three-dimensional analogy of Friedrichs inequality Velte [15] 
considers harmonic functions � and � = ���, ��, �-� of three variables conjugate in the sense 
of the Moisil-Teodorescu equations 

 rot � = −∇�	and	 div � = 0. (4) 

Using these notations, the Velte inequalities are the following. 
 
Proposition 2.2 (Velte, [14]) Let Ω be a bounded simply-connected spatial domain with 3� 
boundary. Then there are constants Γ�Ω� ≥ 1 and Γ5�Ω� ≥ 1 depending only on the shape of Ω 
such that for any pair � and � conjugate in the sense of (4) the inequalities 

 ‖�‖�,�� ≤ Γ�Ω�‖�‖�,�� 	provided	〈�〉� = 0	and (5) 
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 ‖�‖�,�� ≤ Γ5�Ω�‖�‖�,�� 	provided	� ∙ 7 = 0	on	 ∂Ω (6) 

hold, where 7 denotes the outer unit normal to ∂Ω. ∎ 
The optimal constant Γ�Ω�, called Velte constant of the spatial domain Ω, is the least 

positive number such that the inequality (5) is fulfilled for all pairs of conjugate harmonic 
functions � and �. 

Obviously, there is an analogy between (1) in the planar case and (5) in the spatial case 
involving not only the inequalities but also the corresponding normalizations. Indeed, if we 
set the first two coordinates of the vector function �  in (4) zero and if we let the third 
coordinate �- depend only on :� and :�, then (4) reduce to the Cauchy-Riemann equations 
between the harmonic functions � and −�- and (5) reduces to (1). 

Justified by this analogy we denote in this paper by Γ�Ω� both Friedrichs and Velte 
constants and refer to them as Friedrichs-Velte constants. 

In [4] inequalities for conjugate harmonic differential forms are examined, which contain 
the Friedrichs and Velte inequalities as special cases. 

Also in [4] the author derives also a correspondence between the Friedrichs-Velte 
constant and the Babuška-Aziz constant 3�Ω� figuring in the Babuška-Aziz inequality, which 
guaranties the stable solvability of the divergence equation div � = ;  for ; ∈ ���Ω�  with 〈;〉� = 0 in the Sobolev space <���Ω�� of vector functions with square integrable gradient 
over Ω and zero trace on the boundary, i.e. we have |�|�,� ≤ 3‖;‖�,� for the solution � with 
some positive finite constant 3 depending not �, where |�|�,� = ‖grad �‖�,�. The Babuška-
Aziz constant 3�Ω� of the domain Ω is the least possible of the above constants, c.f [1,2,4].  
 
Proposition 2.3 (Costabel, [2,4]) For any bounded open set Ω the Babuška-Aziz constant 3�Ω� is finite iff the Friedrichs-Velte constant Γ�Ω� is finite, and there holds 

 3�Ω� = Γ�Ω� + 1. (7) 

 
Both constants are further related to other important domain specific constants, such as the 
inf-sup constant ?�Ω� and the Cosserat constant @�Ω�: 
 Γ�Ω� + 1 = 3�Ω� = �

A��� = �
BC���, (8) 

 
and if the boundary of the domain is smooth enough to the Korn constant D�Ω� of the domain D�Ω� = 23�Ω�, c.f. [1,2]. 

3. Main result 

3.1. Estimations 

Despite of their importance exact values of the Friedrichs-Velte constants are known only 
for a few domains. Such examples are the disc, the ellipse, some domains obtainable as 
conformal maps of the unit disc in the plane [17,18] and the sphere in three dimensions. 
However there are useful upper estimations for star-shaped domains, see [2,3,9] for planar 
and [11] for spatial domains. In order to obtain estimations for the examined constants of 
other than star-shaped domains, one can consider unions of (star-shaped) domains and derive 
estimations for the constants of these unions in terms of the constants of the parts, see [8]. In 
this section we develop such an estimate for the Friedrichs-Velte constant of the overlapping 
union of two arbitrary planar or spatial domains, and compare it to other existing ones for the 
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Babuška-Aziz and Korn constants. In order to simplify the notation we denote the norm ‖∙‖�,� 
in this section by ‖∙‖. First we need the following 

 
Lemma 3.1 Let Ω denote a bounded planar or spatial domain, and let F be a subdomain of Ω 
such that |F| > 0. If 〈�〉H = 0	 for � ∈ ���Ω�, then there follows 

 ‖� − 〈�〉�‖� ≤ ‖�‖� ≤ |�|
|I| ‖� − 〈�〉�‖�. (9) 

PROOF. One easily verifies the equality 

 ‖�‖� = ‖� − 〈�〉�‖� + |Ω|〈�〉�� . (10) 

Omitting the nonnegative term on the right-hand side of (10) yields the left-hand side 
inequality. Next we use 〈�〉H = 0 and estimate by the Cauchy-Schwarz inequality: 

 J� �� K� = J� ��∖I K� ≤ |Ω ∖ F| ∙ � ���∖I ≤ �|Ω| − |F|� ∙ � ���  (11) 

Substituting this into (10) and rearranging gives  

 
|I|
|�| ‖�‖� ≤ ‖� − 〈�〉�‖� (12) 

which is equivalent to the right-hand side inequality in (9). Equality occurs here if we set � =1 − MI, where MI means the characteristic function of the subdomain 	F. ∎ 
The left-hand side of (9) was implicitly already utilized in [7] and [9] in the planar case 

and in [11] in the spatial case. 
Lemma 3.1 makes it possible to change the normalization 〈�〉� = 0 in (5) to 〈�〉I = 0 for 

some subdomain F ⊆ Ω  in order to obtain a modified version of the Friedrichs-Velte 
inequalities. 

 
Lemma 3.2 Let Ω be a bounded planar or spatial domain and let F be a subdomain of Ω such 
that |F| > 0. If the Friedrichs-Velte inequality holds on Ω with the Friedrichs-Velte constant Γ�Ω�, then there is a constant Γ�Ω, F� depending only on the domain Ω and its subdomain F 
such that the Friedrichs-Velte inequality holds for conjugate harmonic functions satisfying the 
normalization 〈�〉I = 0  instead of 〈�〉� = 0 . Moreover, the optimal constants Γ�Ω�  and Γ�Ω, F� are connected by 

 Γ�Ω� ≤ Γ�Ω, F� ≤ |�|
|I| Γ�Ω�. (13) 

PROOF. Substitute the result of Lemma 3.1 into the Friedrichs-Velte inequality. ∎ 
 

Remark. The Friedrichs-Velte constants Γ�Ω, F� of the domain with respect to a subdomain 
can be seen as a generalization of the Friedrichs-Velte constants Γ�Ω,��� with respect to an 
interior point. 

 
The main result of this paper is the following 
 

Theorem 3.3 Let be Ω = Ω� ∪ Ω� and ΩP = Ω� ∩ Ω� such that |ΩP| > 0. If the Friedrichs-
Velte inequality holds for either of the domains Ω� and Ω�, then it holds also for their union Ω 
and there also follows 

 Γ�Ω� ≤ |�R|
|�S| Γ�Ω�� + |�C|

|�S| Γ�Ω��. (14) 
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PROOF. We give the proof in the spatial case, but it is practically the same in the planar case. 
Let the conjugate pair �, � ∈ ���Ω� be such that 〈�〉�S = 0. 

 
‖T‖C
‖U‖C = � TCV

� |U|CV
= � TCVR W� TCVC X� TCVS

� |U|CV
≤ � TCVR

� |U|CVR
+ � TCVC

� |U|CVC
 (15) 

By Lemma 3.2 there follows 

 
‖T‖C
‖U‖C ≤ Γ�Ω�, ΩP� + Γ�Ω�, ΩP� (16) 

which implies 

 Γ�Ω,ΩP� ≤ Γ�Ω�, ΩP� + Γ�Ω�, ΩP�. (17) 

The estimation (14) immediatly follows by using the inequality (13). ∎ 
 
Example 3.4 Theorem 3.3 can be utilized to obtain upper estimates for Friedrichs-Velte 
constants of more general domains using some known upper bounds for simpler ones. To 
exemplify this let Ω� be an L-shaped domain which is the union of two rectangles with sides 1 
and � + 1 (� > 1) which intersect in a square with sidelength 1. The domain Ω� is star-shaped 

and the estimation from [2] yields Γ�Ω�� ≤ Y� + �
� + Z�� + � + �

�[
�
. Let Ω� be congruent to 

Ω� and set Ω = Ω� ∪ Ω� such that Ω = Ω� ∩ Ω� is a rectangle with sides 1 and � + 1. For the 
domain Ω , which is not star-shaped, Theorem 3.3 gives the upper estimation Γ�Ω� ≤
J4 − �

]W�K Γ�Ω�� which differs from that for Γ�Ω�� only by a factor at most 4. ∎ 

 

3.2. Comparison 

In this section we compare the main result to existing ones for the related constants in the 
case of planar and spatial domains as well. 

First we consider Theorem 3.1 in [8] for the Babuška-Aziz constant of the union of 
finitely many overlapping star-shaped domains. A direct comparison is impossible because 
this result does not contain the exact Babuška-Aziz constants of the subdomains but only an 
upper estimation of their value. In order to overcome this difficulty we follow the proof of 
Theorem 3.1 in [8] for the case of the union of two overlapping domains and reformulate it 
with keeping the Babuška-Aziz constants of the subdomains in the resulting formula. We 
achieve the following 
 
Proposition 3.5 Let be Ω = Ω� ∪ Ω� and ΩP = Ω� ∩ Ω� such that |ΩP| > 0. If the Babuška-
Aziz inequality holds for either of the domains Ω� and Ω�, then it holds also for their union Ω 
and there also follows 

 3�Ω� ≤ max`��,� a
b�cb
|�S|3dΩ`ef. (18) 

We utilize Corollary 3.5 only as a comparison to the main Theorem 3.3, however, it could 
be of interest on its own. 

To this end we substitute (7) into (18) and we obtain 

 Γ�Ω� ≤ max`��,� a
b�cb
|�S| ΓdΩ`e + b�c∖�Sb

|�S| f. (19) 
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This shows that (14) gives a better upper estimation for Γ�Ω� than (19) if |Ω� ∖ ΩP| >|Ω�| and Γ�Ω�� ≤ |�R∖�S|
|�C| . 

Another possibility for comparison gives an analoguos result from [10] for the related 
Korn constant D�Ω� in the case of smoothly bounded planar simply-connected domains. It 
reads 

 D�Ω� ≤ max`��,� aDdΩ`e + b�cb
|�S| JgD�Ω�� + gD�Ω��K�f (20) 

and it is an improved version of a similar result from [5]. Substituting D�Ω� = 2 + 2Γ�Ω� into 
the estimation (14) we obtain 

 D�Ω� ≤ |�R|
|�S| D�Ω�� + |�C|

|�S| D�Ω�� − �|�|
|�S| (21) 

which is equivalent with the main result (14) and on the other hand it can be compared to 
(20). For the sake of simplicity suppose that the plane domain Ω� is similar to Ω� and let be |Ω�| ≤ |Ω�|. In this case we have D�Ω�� = D�Ω�� and the minimum in (20) is attained for h = 1: 

 D�Ω� ≤ D�Ω�� + |�R|
|�S| JgD�Ω�� + gD�Ω��K�

. (22) 

If |Ω| ≤ 4|Ω�|or if 4|Ω�| < |Ω| ≤ 8|Ω�| and D�Ω�� ≤ �|�|
|�|Xk|�R|, then (21) constitutes a better 

upper estimation than (22). If |Ω| > 8|Ω�|, then (22) is definitely better than (21). 
Finally we compare Theorem 3.3 to a direct upper estimation for the Velte constant 

derived in [11] for the class of three-dimensional star-shaped domains. We realize this 
comparison on an example, where the domain Ω is the union of two overlapping unit spheres, 
which is star-shaped for example with respect to the center of the line segment connecting the 
centers of the spheres. The evaluation of the estimation from [11] yields 

 Γ�Ω� ≤ �
l J�Wm

�XmK
n
C Y m

√kXmC + Z9 + lm
√kXmC + mC

kXmC[
�
, (23) 

where 0 < q < 2 denotes the distance of the centers of the spheres. Theorem 3.3 can also be 
utilized in this case to obtain the upper estimation 

 Γ�Ω� ≤ rk
��Xm�C�kWm�, (24) 

where we have also used that the Velte constant of a sphere equals 2, see [15]. A numerical 
comparison shows that (24) gives a better upper estimation than (23) if 0,5012. . . < q < 2. 
An even better upper estimation than (24) gives (19) for every 0 < q < 2. 

4. Concluding remarks 

In this paper the Friedrichs-Velte and related constants of the union of overlapping 
domains were investigated. These domain specific constants are especially of interest since 
they are involved in many problems in fluid dynamics and in elasticity theory but their exact 
value is known only for a few types of domains. The main result is an upper estimation of the 
Friedrichs-Velte constant of the union of two overlapping domains in terms of the constants 
and sizes of the parts and of the size of their intersection. It can be utilized to obtain useful 
estimations for the discussed constants of more complicated domains using the exact values or 
upper estimations of the simpler subdomains. It is compared to existing estimations for the 
related Babuška-Aziz and Korn constant. In order to make this comparison possible we 
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developed a new upper estimation for the Babuška-Aziz constant of the union of two 
overlapping domains based on an existing construction from [8]. A detailed comparison 
shows that the main result is comparable to existing related ones: it yields occasionally a 
better upper estimation but it is not definitely better in all cases. 
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